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In this paper we derive conditions on the equations and data which are 
sufficient to guarantee the nonexistence of global weak solutions of Cauchy 
problems for classes of nonlinear partial differential equations. 
INTRODUCTION 
In this paper we wish to consider the question of global nonexistence of 
solutions to the following two problems: (Here Q is a bounded domain in Rn 
with a smooth boundary X2). 
PROBLEM I. 
u(x, 0) = f&) XEQ 
u(x, t) = 0 (x, q E a2 x [O, 00) 
(P > 2, p > 0). 
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PROBLEM II. 
(x, t) E Q :;. [O, T) 
XEJ-2 
s E Q 
(x, t) E al2 :.: [O, T) 
The first problem was studied by Tsutsumi [6] who gave both existence 
and nonexistence results. We shall show, among other things, how his 
nonexistence results may be included in a more general abstract setting. The 
nonlinear operators following the equality sign have been shown to be mono- 
tone (Lions [S].) There is a corresponding global existence theory associated 
u-ith Problems I, II in the absence of the term ~*+l. See [5] for esample. 
Since our arguments are based on the so called “concavity” method which 
has been well documented in the literature, we shall not prove our results in 
great detail but merely sketch the proofs. 
I. STA.TEMENT OF PRINCIPAL THEOREMS 
We consider two abstract Cauchy Problems in a real Hilbert Space H. Let 
D, be a dense subdomain of H and suppose D is a Hilbert Space that is 
imbedded continuously into H. Let P: D + H be a symmetric linear operator 
which generates a symmetric bilinear form8: D x D + R satisfying 
(i) .F’(x, X) > 0 for all .t E D, .x f 0. 
(Here (,) denotes the scalar product on H while 1) )I denotes the norm on H). 
Let H, be another Hilbert Space and D, be a dense linear subspace of 
HI . Let D, again be imbedded continuously in HI as Hilbert Spaces and 
denote by (,)i the scalar product on HI and (/ II1 the norm on HI . 
We let A: D - HI and A*: D, + H be linear maps. We shall assume that 
(ii) (x, -4*Ay) = --(AX, -4~))~ for all X, y E D n A-l(D,). 
Let G: D --f H and F: D, --f HI be gradient operators and let I%: D -+ RI 
and 9: D, - R’ be the corresponding potentials. We assume that 
(iii) There is a constant j? > 0 such that 
(s, G(x)) - (Ax, F(4s)), > (j3 + 2) [Y(x) - I] for all x E D. 
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We wish to consider the following abstract Cauchy problem. 
PROBLEM I-A. 
P(du/dt) = A*F(Au(t)) + G(u(t)) t E [O, T) 
u(0) = ug (uo E w. 
PROBLEM II-A. 
P(d2u/dt”) = A*F(Au(t)) + G(u(t)) t E [O, T) 
u(O) = %I , %(O> = Z’o (uo , vo fs D). 
Since, in many problems utt may not exist, and even when it does, it may 
not take values in D, or since F may not take values in the domain of A*, 
we reformulate Problems I-A, II-A in a weaker setting. 
DEFINITION 1. Let u: [0, T) --f D be once strongly continuously dif- 
ferentiable and suppose ut z du/dt takes values in D. We say u is a weak 
solution to Problem I-A if for all 4: [O, T)-+ D with these regularity prop- 
erties f4 satisfies 
as well as the following “conservation law”: 
El(t) = ft P(u, , u,,) dv + S(Au(t)) - 9(u(t)) 
< i=(Au,) - Fquo) Ez E,(O), 
for all t E [0, T). 
(1.2) 
DEFINITION 2. Let u: [0, T) --t D have the regularity properties of the 
preceding definition. We say u is a weak solution to Problem II-A if for all 
$: [0, T) + D with these regularity properties u satisfies 
the following “conservation law”: 
J%(t) = teut , 4 + fl(-qt)) - qJ(t>> 
< i!@+o , uo) + =qAuo> - quo) = &(O). 
(1.4) 
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We have 
THEOREM 1. Let u: [0, T) ---f D be a solution to Problem I-A in the sense of 
Definition 1. If E,(O) < 0 and 01 = p/2, then, the interval of existence is neces- 
sarily bounded and, for some T < ax), 
lizjcf(T - t)lia I* B(u(T), U(T)) d7 > 0. 
‘0 
(1.5) 
THEOREM 2. Let u: [0, T) + D be a weak solution to Problem II-A in the 
sense of Definition 2. If E,(O) < 0 and 01 = p/4, then the interval of existence of 
[0, T) is necessarily bounded and, for some T < 03, 
li;jFf(T - t)lior a(u(t), u(t)) > 0. (1.6) 
The proof of Theorem 1 is formally the same as that of Theorem II 
[4, p. 377-3781 with 
F(t) = It P’(u, 4 4 + (T - t) B(u, , uo) + y(t + to)” 
‘II 
where y  = -[2(1x + 1)/(2m + l)] El(O) > 0 and ~(Au,) replaces 6 11 A*uo /I3 
in that proof. One easily establishes that FF” L (CX + 1) (F’)2 > 0 or 
(F-=)” < 0 and chooses to > 0 so that F’(0) > 0 ((I;-&)’ (0) < 0). These are 
used to establish (1.5). We omit details. 
The proof of Theorem 2 is formally the same as that of Theorem 3 [2, 
p. 143-1441 or Theorem 1 [l, Sect. 3.31 with I again replacing J- 1’ A*u 11% 
in PI, 
F(t) = g(u(t), u(t)) + y(t + 4,)” 
and y  = -2E2(0). The inequalities FF” - (LX + 1) (F’)” 3 0 and F’(0) > 0 
can again easily be proved. These imply (1.6). Details are again omitted. 
II. EXAMPLES 
In this section we wish to esamine the consequences of our theorems as 
they apply to Problems I and II. 
For H we take Z2(s2) while for HI we take the product of H with itself 71 
times. The scalar product on HI is of course 
(2.1) 
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for fi , gj E H. For D we take H,,(Q) and for D, we take the product of D with 
itself n times. We take for A, the gradient operator and for A* the divergence 
operator so that A*A = A. If we put 
G(f) (4 = (fWqT1 (4 > 0) (24 
for f E D and 
F(f) (4 = (Ifl(~)lp-2fl(~),..., lfn(~>Ip-2fn(4) (P > 2) 
for f E D, then from the definition of a potential,l we have 
(2.3) 
Y(f) = & jQ (f(4)“‘” qx (f ED) (2.4) 
and 
It is easy to verify that in Ho’(Q) ( or i s t n fold product) the Frechet deri- 
vatives of g and 9 are F and G. Of course 
(2.6) 
and 
F(4) (4 = (1 T$ I*-’ g (x),..., j Y$ (p-2 Y$ (4) . ‘n 1 
For sufficiently smooth functions 
Here P = I. Condition (ii) is quite clearly the statement that 
- 
s 
Vf-Vgdx= f-Agdx 
s (2.7) R ra 
for smooth enough functions in D. Condition (iii) written out using (2.4)- 
(2.6) b ecomes 
9 s, (f(x)“+“) dx < 
which is surely satisfied if 4 + 2 > p and /3 = q. 
1 The potential .F associated with a gradient operator F is computed from S(x) = 
J: V%4> 4 4 (3 E 0). 
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If we now choose z+, E H,,l(Q) such that 
’ d.v, (2.9) 
which we can do if q + 2 > p, then the condition E,(O) < 0 will be 
satisfied. If  in addition 
+ 
s 
vo2(x) dx < --E,(O) (2.10) 
R 
the condition E,(O) < 0 will also be satisfied. Thus, for such choices of data, 
the corresponding solutions to either Problem I or II cannot esist for all 
time, and we may conclude from either (1.5) or (1.6) that for some T < m 
Ii~;yp(y~ I u(s, t)l) = +m, 
in view of the boundedness of G. 
A similar analysis may be carried out for problems whose governing 
equations take the form 
su 
it = & (I grad u p2 g) -I- uqfl 
or 
Tsutsumi [6] has shown that if p > q + 2 then Problem I has global 
solutions for “arbitrary” choices of ~a. This is most likely the case for 
Problem II as well and is one of the problems currently unde; investigation. 
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